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e Let T be a theory.
Natural question: classify O-definable sets up to O-definable
bijection.
Write Def(T) for O-definable sets of T.
e Suppose ¢1, ¢o are given.
To prove ¢ 13 ¢2: write down the bijection.
11 . .
To prove ¢1 7 ¢o: use invariants:

map f: Def(T) — {any set} s.t. ¢ Hoy= f(¢) = f(v)
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e Let T be a theory.
Natural question: classify O-definable sets up to 0-definable
bijection.
Write Def(T) for O-definable sets of T.
e Suppose ¢1, ¢ are given.
To prove ¢ 11 ¢o: write down the bijection.
To prove ¢ %& ¢2: use invariants:
map f: Def(T) — {any set} s.t. ¢ = = (o) =1f(v)
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e Th(PSFg) := theory of pseudo-finite fields of characteristic 0
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Goal: this talk

This talk:

Th(PSFp) := theory of pseudo-finite fields of characteristic 0
Main goal: Find good invariants for Th(PSFq)

To start: work in fixed pseudo-finite field K
Method: counting over finite fields

e ~~ dimension, measure
e ~~ even more

Transfer results from Th(K) to Th(PSFp)

New method:
~ results for Th(PSFg) which counting does not yield
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Goal: this talk

This talk:
e Th(PSFg) := theory of pseudo-finite fields of characteristic 0
¢ Main goal: Find good invariants for Th(PSFq)
e To start: work in fixed pseudo-finite field K
Method: counting over finite fields

e ~~ dimension, measure
e ~~ even more

e Transfer results from Th(K) to Th(PSFy)

e New method:
~ results for Th(PSFg) which counting does not yield
~» transfer counting results to theories where counting does
not make sense

Definable sets in pseudo-finite fields 3/22 I. Halupczok



Start with easier example: K |= Th(ACFg) := alg. closed fields of
characteristic 0.
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e Quantifier elimination = any ¢ defines a “constructible” set.
o Well-defined invariants:
e dim,g ¢(K)
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Start with easier example: K |= Th(ACFg) := alg. closed fields of
characteristic 0.

e Quantifier elimination = any ¢ defines a “constructible” set.
o Well-defined invariants:
e dim,g ¢(K)

o irreducible components of max. dim. of ¢(K)

Can we get similar invariants if K is pseudo-finite (for arbitrary ¢)?
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ACF-case

Start with easier example: K |= Th(ACFg) := alg. closed fields of
characteristic 0.
e Quantifier elimination = any ¢ defines a “constructible” set.
o Well-defined invariants:
. dima|gm
e Firreducible components of max. dim. of ¢(K)
Can we get similar invariants if K is pseudo-finite (for arbitrary ¢)?
(Is it true, for pseudo-finite K, that K % K2?)
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Th(PSFp) is not complete. Fix K pseudo-finite with char K = 0
and work in Th(K).
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e ¢ ring formula. ~» can count #¢(Fg).

it
-

«40» «F»r « =) 4 Q>



Th(PSFp) is not complete. Fix K pseudo-finite with char K =0
and work in Th(K).

e ¢ ring formula. ~» can count #¢(Fg).
sense”:

e This is not an invariant, but “for almost all g in ultra-filter

it
-

«0>» «F»r « =) 4 Q>



Th(PSFp) is not complete. Fix K pseudo-finite with char K =0
and work in Th(K).

e ¢ ring formula. ~» can count #¢(Fg).
sense”:

e This is not an invariant, but “for almost all g in ultra-filter

e K=1]],Fq for U ultrafilter on prime powers.

it
-

«0>» «F»r « =) 4 Q>



Th(PSFp) is not complete. Fix K pseudo-finite with char K =0
and work in Th(K).

e ¢ ring formula. ~» can count #¢(Fg).
sense”:

e This is not an invariant, but “for almost all g in ultra-filter

e K=1]],Fq for U ultrafilter on prime powers.
e KEx < {q|F=x}t el

u]
v
a
8]
i
it
-
it

DA



Th(PSFp) is not complete. Fix K pseudo-finite with char K =0
and work in Th(K).

e ¢ ring formula. ~» can count #¢(Fg).
sense”:

e This is not an invariant, but “for almost all g in ultra-filter

e K=1]],Fq for U ultrafilter on prime powers.
e KEx < {q|F=x}t el

o Sot K = 61 = ¢ = {q | #61(Fq) = #62(Fg)} €U
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|dea: counting

Th(PSFp) is not complete. Fix K pseudo-finite with char K = 0
and work in Th(K).

e ¢ ring formula. ~» can count #¢(F).
e This is not an invariant, but “for almost all g in ultra-filter
sense’:
e K=1]],Fq for U ultrafilter on prime powers.
e KEx < {q|FsE=xtelU
o So: K =i 61 = o = {q | #61(Fq) = #6a(Fq)} €U

e Formally: we have counting-invariant

cnty: Def(Th(K)) — N
¢ — (#06(Fq))q
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Th(PSFp) is not complete. Fix K pseudo-finite with char K = 0
and work in Th(K).

e ¢ ring formula. ~» can count #¢(F).
e This is not an invariant, but “for almost all g in ultra-filter
sense’:
e K=1]],Fq for U ultrafilter on prime powers.
e KEx < {q|FsE=xtelU
o So: K =i 61 = o = {q | #61(Fq) = #6a(Fq)} €U

e Formally: we have counting-invariant

cnty: Def(Th(K)) — N
¢ — (#06(Fq))q

e Example: Al % A? (always-true-formulas in 1 resp. 2
variables)
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|dea: counting

Th(PSFp) is not complete. Fix K pseudo-finite with char K = 0
and work in Th(K).

e ¢ ring formula. ~» can count #¢(F).

e This is not an invariant, but “for almost all g in ultra-filter
sense’:

e K=1]],Fq for U ultrafilter on prime powers.
* KEx &= {q|FFx} el
e So: K= ¢ B = {ag | #61(Fq) = #2(Fg)} €U

e Formally: we have counting-invariant

cnty: Def(Th(K)) — N
¢ — (#06(Fq))q

e Example: Al % A? (always-true-formulas in 1 resp. 2

variables)
e Example: Al %& Al < {0}

Definable sets in pseudo-finite fields 5/22
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is algebraic?

Does cntk see the dimension and number of components of ¢ if ¢
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Let V' be absolutely irreducible. Then #V/(Fy) =~ q9™V for g > 0.
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Does cntk see the dimension and number of components of ¢ if ¢
is algebraic?

Let V' be absolutely irreducible. Then #V(Fq) ~ qg@imV for g > 0.

(=" is almost independent of V'!)

e Yes, if ¢ defines a union of absolutely irreducible varieties
#¢(Fq) = #comp-of-max-dim(¢) - qdimaig @
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What should counting yield?

Does cntyi see the dimension and number of components of ¢ if ¢
is algebraic?

Theorem (Lang, Weil)

Let V be absolutely irreducible. Then #V(Fq) =~ q9mV for g > 0.
‘=" is almost independent of V'!)

o Yes, if ¢ defines a union of absolutely irreducible varieties:
#6(Fy) ~ #comp-of-max-dim(¢) - gdimaie ¢

e Hope: for ¢ arbitrary, there exist d, i such that
#6(Fq) ~ p- g
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What should counting yield?

Does cntyi see the dimension and number of components of ¢ if ¢
is algebraic?

Theorem (Lang, Weil)

Let V be absolutely irreducible. Then #V(Fq) =~ q9mV for g > 0.
‘=" is almost independent of V'!)

o Yes, if ¢ defines a union of absolutely irreducible varieties:
#6(Fy) ~ #comp-of-max-dim(¢) - gdimaie ¢

e Hope: for ¢ arbitrary, there exist d, i such that
#6(Fq) ~ p- g

e Call d dimension of ¢ and p measure of ¢.
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More precisely:

e Consider jig 1= limg_ &f").

If 0 < pg < oo, then define dimk ¢ := d, uk (@) = pqg.
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More precisely:
e Consider jig 1= limg_ &}}%)_
If 0 < pg < oo, then define dimk ¢ := d, uk (@) = pqg.
(If all pg =0, then dimk ¢ := 0, ux(4) :=0.)
e Problem: Limit does not need to exist.

Example: ¢ = {£+/10}

0 for infinitely many g
#¢(]Fq) = s
2 for infinitely many g



Dimension and measure: more precisely

More precisely:

e Consider g := limg_oo #%ﬁ‘ﬁ.

If 0 < pg < 00, then define dimy ¢ := d, uk(¢) = pq.

(If all pg =0, then dimg ¢ := 0, ux(o) :=0.)
e Problem: Limit does not need to exist.

Example: ¢ = {£+/10}

0 for infinitely many g
#¢(Fq) =

2 for infinitely many g

e So recall K =[];,Fq and use ultra-limit:

#¢( a)

U = llu e RU{o0}

Definable sets in pseudo-finite fields 7/22

I. Halupczok



Dimension and measure: more precisely

More precisely:

e Consider g := limg_oo #M}f‘ﬁ.

If 0 < pg < 00, then define dimy ¢ := d, uk(¢) = pq.

(If all pg =0, then dimg ¢ := 0, ux(o) :=0.)
e Problem: Limit does not need to exist.

Example: ¢ = {£+/10}
#¢(Fq) =

)2 for infinitely many g

0 for infinitely many g

e So recall K =[];,Fq and use ultra-limit:

U = Iibrln #(Z(fq) e RU{o0}

In particular, this is an invariant for K.
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Problem if e.g. #¢(Fq) ~ log g.

Moreover, g € Q.
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Problem if e.g. #¢(Fq) ~ log g.
For dimgk ¢, uk(¢) to be well defined, we need:

Moreover, g € Q.
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Problem if e.g. #¢(Fq) ~ log g.
For dimgk ¢, uk(¢) to be well defined, we need:

For any ¢ # (), there exists d € N such that 0 < ug < oo, where

; #¢(Fq)
= lim ———=
Hd =0 q?

Moreover, g € Q.
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Proof for quantifier-free formulas: use the theorem of Lang-Weil
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Proof for quantifier-free formulas: use the theorem of Lang-Weil

o We already saw: ¢ union of absolutely irreducible varieties =
dimy ¢ = algebraic dimension of ¢,
ik (¢) = #components of max. dim.
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Proof for quantifier-free formulas: use the theorem of Lang-Weil

o We already saw: ¢ union of absolutely irreducible varieties =
dimy ¢ = algebraic dimension of ¢,

ik (¢) = #components of max. dim.

o If o= {(x.y) | y* =2} = {(x, £V2x)}:
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Proof for quantifier-free formulas: use the theorem of Lang-Weil

o We already saw: ¢ union of absolutely irreducible varieties =
dimy ¢ = algebraic dimension of ¢,

ik (¢) = #components of max. dim.

o If o ={(x,y) | y* = 2x°} = {(x, =v2x)}:
o If V2 ¢ K, wlog. V2 ¢ Fy = ¢(F,) = {0}. Ok.
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Measure: idea of proof 1

Proof for quantifier-free formulas: use the theorem of Lang-Weil
e We already saw: ¢ union of absolutely irreducible varieties =
dimk ¢ = algebraic dimension of ¢,
1k (¢) = #components of max. dim.
o Ifo={(x,y) | y*=2x"} = {(x, £vV2x)}:
o If V2 ¢ K, wlog. V2 ¢ Fy = ¢(F,) = {0}. Ok.
But note: dimk ¢ # dimag(V(y? — 2x?)).
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Measure: idea of proof 1

Proof for quantifier-free formulas: use the theorem of Lang-Weil

e We already saw: ¢ union of absolutely irreducible varieties =

dimk ¢ = algebraic dimension of ¢,
1k (¢) = #components of max. dim.

o If o ={(x,y) | y* = 2x*} = {(x, £V2x)}:
o If V2 ¢ K, wlog. V2 ¢ Fy = ¢(F,) = {0}. Ok.
But note: dimk ¢ # dimaig(V(y? — 2x?)).
e If V2 € K, then wlog. v2 € Fg4, so can decompose ¢ into

{(x, v2x)} U{(x, —v2x)}.
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Measure: idea of proof 1

Proof for quantifier-free formulas: use the theorem of Lang-Weil

e We already saw: ¢ union of absolutely irreducible varieties =
dimk ¢ = algebraic dimension of ¢,
1k (¢) = #components of max. dim.
o If o= {(x,y) | y* =23} = {(x, =v2x)}:
o If V2 ¢ K, wlog. V2 ¢ Fy = ¢(F,) = {0}. Ok.
But note: dimk ¢ # dimaig(V(y? — 2x?)).
e If V2 € K, then wlog. v2 € Fg4, so can decompose ¢ into
{(x, V2x)} U{(x, —v/2)}.

Same idea works for arbitrary algebraic sets.
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Measure: idea of proof 1

Proof for quantifier-free formulas: use the theorem of Lang-Weil
e We already saw: ¢ union of absolutely irreducible varieties =
dimk ¢ = algebraic dimension of ¢,
1k (¢) = #components of max. dim.
o Ifo={(x,y) | y*=2x"} = {(x, £vV2x)}:
o If V2 ¢ K, wlog. V2 ¢ Fy = ¢(F,) = {0}. Ok.
But note: dimk ¢ # dimaig(V(y? — 2x?)).
e If V2 € K, then wlog. v2 € Fg4, so can decompose ¢ into
{(x, vV2x)} U{(x, —v2x)}.
Same idea works for arbitrary algebraic sets.

e For constructible sets, consider the Zariski closure.
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Generalize to arbitrary formulas: use:

And: There is an N € N such that for all a € ¢(K):
#{b| K =¢(3 b)} <N.
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Generalize to arbitrary formulas: use:

For any ¢, there exists v quantifier free such that for all 3 € K:
K= ¢(a) « 3y¢(a,y)

And: There is an N € N such that for all a € ¢$(K):

#{b| K E=v(a,b)} <N.
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Generalize to arbitrary formulas: use:

For any ¢, there exists v quantifier free such that for all 3 € K:
K= ¢(a) « 3yy(a,y)

And: There is an N € N such that for all a € ¢(K):

#{b| K = ¢(a b)} < N.
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Generalize to arbitrary formulas: use:

For any ¢, there exists v quantifier free such that for all 3 € K:

K= ¢(a@) < Fyy(a,y)

And: There is an N € N such that for all a € ¢(K):
#{b|KE¥(a b} <N.

o If #{b| K =(3,b)} = N for all 3 € ¢(K), then
#Y(Fq) = N - #6(Fq).



Measure: idea of proof 2

Generalize to arbitrary formulas: use:

Theorem (Almost quantifier-elimination)

For any ¢, there exists 1 quantifier free such that for all 3 € K:

K = ¢(a) < Fyy(a,y)
And: There is an N € N such that for all 3 € ¢(K):

#{b| K E¥(3,b)} < N.
o If #{b| K |=(3,b)} = N for all 3 € $(K), then

#Y(Fq) = N - #¢(Fq).
So dimy ¢ = dimy 1) and 1k (¢) = 1(¥k)
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Measure: idea of proof 2

Generalize to arbitrary formulas: use:

Theorem (Almost quantifier-elimination)

For any ¢, there exists 1 quantifier free such that for all 3 € K:

K = ¢(a) < Fyy(a,y)
And: There is an N € N such that for all 3 € ¢(K):

#{b| K E¥(3,b)} < N.

o If #{b| K |=(3,b)} = N for all 3 € $(K), then
#p(Fq) = N - #¢(Fq).
So dimk ¢ = dimgk ¢ and ik (¢) = & (¥k)
e Otherwise: fiddle around. O

Definable sets in pseudo-finite fields 10 / 22 I. Halupczok



A lot of properties follow easily from the definition:

dimK(o X 'l;/’) =dimk ¢ + dimg ¥

pr (o x ) = k(@) - uk ()
Iff: o —isn:1, then

dimyk ¢ = dimg 9

pk (o) = n- pk(v)
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A lot of properties follow easily from the definition:

Llemma
dimk (¢ U ) = max{dimk ¢, dim 1}

1 (U ) = {NK(¢>) + uk () if dimk ¢ = dimg 1)
ik (P)

if dimy ¢ > dimy ¥
dimK(o X 'l,f‘) =dimk ¢ + dimg ¥

pk (P x V) = pk(@) - nr ()
Iff: o —isn:1, then

dimk ¢ = dimgk ¥

k() = n- pr(¥)
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A lot of properties follow easily from the definition:

dimk (¢ U ) = max{dimk ¢, dim 1}

ik (9) + k() if dimk ¢ = dimg ¥

pk(p U y) = {MK(@ if dimk ¢ > dimg ¢

dimk (¢ x ¥) = dimk ¢ + dimgk ¢
k(@ x ¥) = pk(9) - pr ()
Iff:—>1isn:1, then dimk ¢ = dimg ¥

puw (@) = n- pk(¥)



Properties of dimension and measure

A lot of properties follow easily from the definition:
Lemma
dimk (¢ U ¢) = max{dimk ¢, dimy ¢}
k(@) + () if dimg é = dimyc v
H(9UY) = {/,LK(qb) if dimyc ¢ > dimy o
dimk (¢ x ) = dimk ¢ + dimg ¢
k(9 x ) = pk(9) - pr(¢)
Iff: ¢ —1isn:1, then dimk ¢ = dimg
k(@) = n- pk(¥)
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Properties of dimension and measure

A lot of properties follow easily from the definition:
Lemma
dimk (¢ U ¢) = max{dimk ¢, dimy ¢}
k(@) + () if dimg é = dimyc v
H(9UY) = {/,LK(qb) if dimyc ¢ > dimy o
dimk (¢ x ) = dimk ¢ + dimg ¢
k(9 x ) = pk(9) - pr(¢)
Iff: ¢ —1isn:1, then dimk ¢ = dimg
k(@) = n- pk(¥)

Example: f: K — K,x — x° is 2 : 1 onto the set of squares, so
1k ({squares}) = 3.
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non-bijections:

Using cntk, dimension, and measure, we can prove many
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Using cntk, dimension, and measure, we can prove many
non-bijections:

e o ={(x.y) | x> =y3}, ¥ = {squares}
pr(@) =1, ux() =3 = ¢
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Using cntk, dimension, and measure, we can prove many
non-bijections:

e ¢={(x,y) | x*> = y3}, ¥ = {squares}

pr(0) =1, pk(¥) = 3 = ¢

[ ] (;5’ = A2 AN d),
P =AY

11
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Using cntk, dimension, and measure, we can prove many
non-bijections:

e o ={(x.y) | x> =y3}, ¥ = {squares}

pk(8) =1, uk() =1 = ¢ 5
o ¢ = A2\,

> 7
V= AN

dimK gbl — dimK @[Jl — 2, MK(¢/) e NK(¢,) =1.
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Using cntk, dimension, and measure, we can prove many
non-bijections:
e ¢={(x,y) | x*> = y3}, ¥ = {squares}
pk(9) =1, k(@) =3 = ¢ F o
o ¢ =A2N 0,
P =AY

dimK gbl — dimK @[Jl — 2, MK(¢/) e /,LK(Q/J,) =1.
cnti(v') =777
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non-bijections:
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Using cntk, dimension, and measure, we can prove many
non-bijections:
e ¢={(x,y) | x*> = y3}, ¥ = {squares}
pk(9) =1, k(@) =3 = ¢ F o
[ ] (;5’ = A2 AN d),
P =AY
dimk ¢/ = dimg ¢ =2, uk(¢') = pr (V') = 1.
enti (') =277
Combine cntk and pik:

o 1k(p) # puk () = cntk(9) # cntk(v)



Using cntk, dimension, and measure, we can prove many
non-bijections:
e ¢={(x,y) | x*> = y3}, ¥ = {squares}
pk(9) =1, k(@) =3 = ¢ F o
° (;5’ = A2 ~ d),
P =AY
dimk ¢/ = dimg ¢ =2, uk(¢') = pr (V') = 1.
enti (') =277
Combine cntk and pik:

o k() # px () = cntk(9) # cntk ()
o cnti(¢') + cntk(¢p) = cntx(A?)
enti (V') + enti () = cnti(A?)
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Summary of non-bijections

Using cntk, dimension, and measure, we can prove many
non-bijections:

o ¢ ={(x,y) | x* = y*}, ¥ = {squares}
pk(9) =1, pk(w) =3 = 6 2 v
o ¢ =A%\ ¢,
Y =A?\ 9
dimK gb/ = dimK wl = 2, ,LLK(¢/) = ,UK(w/) = 1.

cntk (') =777
Combine cntk and uk:

o uk(9) # pk(1) = cntk(9) # cntp ()
o cnti(¢') + cntk(9) = cnti(A?)
enti (V') + enti () = cntk(A?)

o — cntk(¢') # ent (V') = ¢’ %Ll’ Y’
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e Up to now: T = Th(K) where K is pseudo-finite, char K = 0.
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e Up to now: T = Th(K) where K is pseudo-finite, char K = 0.
Now: Th(PSFg) := theory of pseudo-finite fields of
characeristic 0. (incomplete)
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e Up to now: T = Th(K) where K is pseudo-finite, char K = 0.
Now: Th(PSFg) := theory of pseudo-finite fields of
characeristic 0. (incomplete)

e In general:

Suppose Tj is Li-theory, T; is Lo-theory with Ly C Ly and
T1 C T,. Then:



From Th(K) to Th(PSFy)

e Up to now: T = Th(K) where K is pseudo-finite, char K = 0.
Now: Th(PSFg) := theory of pseudo-finite fields of
characeristic 0. (incomplete)

e In general:
Suppose Ti is Li-theory, T, is Lo-theory with L; C Ly and

T C Ta. Then:  pef(T;) — Def(T)
¢— ¢

compatible with definable bijections.
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From Th(K) to Th(PSFy)

e Up to now: T = Th(K) where K is pseudo-finite, char K = 0.
Now: Th(PSFg) := theory of pseudo-finite fields of
characeristic 0. (incomplete)

e In general:
Suppose Ti is Li-theory, T, is Lo-theory with L; C Ly and

T1 C T,. Then: Def(T1) — Def(T>)
pr— ¢
compatible with definable bijections.
e For any K, apply this to Th(PSFy) C Th(K):
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From Th(K) to Th(PSFy)

e Up to now: T = Th(K) where K is pseudo-finite, char K = 0.
Now: Th(PSFg) := theory of pseudo-finite fields of
characeristic 0. (incomplete)

e In general:
Suppose Ti is Li-theory, T, is Lo-theory with L; C Ly and

T1 C To. Then: Def(T1) — Def(T>)
pr—9
compatible with definable bijections.
e For any K, apply this to Th(PSFy) C Th(K):
dimy: Def(Th(PSFg)) — N
pk: Def(Th(PSFp)) — Q
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These dimg, uk are indeed different:

e Recall example: ¢ = {(x,y) | y? = 2x?}:
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These dimg, uk are indeed different:

e Recall example: ¢ = {(x,y) | y? = 2x?}:
dimk(¢) =1if V2 e K
dimk(¢) =0if V2 ¢ K
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These dimg, uk are indeed different:
e Recall example: ¢ = {(x,y) | y? = 2x?}:
dimg(¢) =1if V2 e K
dimk(¢) =0if V2 ¢ K

(So neither ¢ 2 {0} nor ¢ 2 {(x,y) | x> = y?} in
Th(PSFo).)



These dimg, uk are indeed different:

e Recall example: ¢ = {(x,y) | y? = 2x?}:
dimg(¢) =1if V2 e K
dimk(¢) =0if V2 ¢ K

(So neither ¢ 2 {0} nor ¢ 2 {(x,y) | x> = y?} in
Th(PSFo).)

We may also define

dim(¢) := max{dimk(¢) | K = Th(PSFq)}



These dimg, uk are indeed different:

e Recall example: ¢ = {(x,y) | y? = 2x?}:
dimg(¢) =1if V2 e K
dimk(¢) =0if V2 ¢ K

(So neither ¢ 2 {0} nor ¢ 2 {(x,y) | x> = y?} in
Th(PSFo).)

We may also define

dim(¢) := max{dimk(¢) | K = Th(PSFo)}
If ¢ is algebraic, then dim(¢) = dim,g(¢).



K pseudo-finite yields Def(Th(PSFo)) — Def(Th(K)) <8 NY.
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K pseudo-finite yields Def(Th(PSFg)) —> Def(Th(K)) <5 N
But we may also count directly for Th(PSFo):
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K pseudo-finite yields Def(Th(PSFg)) —> Def(Th(K)) <5 N
But we may also count directly for Th(PSFo):

e Th(PSFy) = ¢ <= Fp = ¢ for almost all p.
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K pseudo-finite yields Def(Th(PSFg)) —> Def(Th(K)) <5 N
But we may also count directly for Th(PSFo):

e Th(PSFy) = ¢ <= Fp = ¢ for almost all p.
e So define

S :{(nq)q prime power | ng € N}/

(ng)q = (ng)q if nyr = nl, for almost all p

DA
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v
a
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But we may also count directly for Th(PSFo):

e Th(PSFy) = ¢ <= Fp = ¢ for almost all p.
e So define

K pseudo-finite yields Def(Th(PSFg)) — Def(Th(K)) DK NY.

S ={(nq)q prime power | ng € N}/
(ng)q = (ng)q if nyr = nl, for almost all p
o We get

cnt: Def(Th(PSFg)) — S

¢ r— (#¢(Fq))q



Counting in Th(PSFy)

K pseudo-finite yields Def(Th(PSFp)) — Def(Th(K)) K NH
But we may also count directly for Th(PSFy):
e Th(PSFg) = ¢ <= Fp = ¢ for almost all p.

e So define

S :{(nq)q prime power ‘ ng € N}/
(ng)g = (”é,)q if npr = n;, for almost all p

e We get cnt: Def(Th(PSFg)) — S
¢ — (#¢(Fq))q

e cnt contains all the counting information.
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Counting in Th(PSFy)

K pseudo-finite yields Def(Th(PSFp)) — Def(Th(K)) MK NU

But we may also count directly for Th(PSFy):
e Th(PSFg) = ¢ <= Fp = ¢ for almost all p.

e So define

S :{(nq)q prime power ‘ ng € N}/
(ng)g = (”é,)q if npr = n;, for almost all p

e We get cnt: Def(Th(PSFg)) — S
¢ — (#¢(Fq))q

e cnt contains all the counting information.
In particular: cnt(¢1) = cnt(p2) implies (for any K):

Definable sets in pseudo-finite fields 15 / 22

I. Halupczok



Counting in Th(PSFy)

K pseudo-finite yields Def(Th(PSFp)) — Def(Th(K)) MK NU

But we may also count directly for Th(PSFy):
e Th(PSFg) = ¢ <= Fp = ¢ for almost all p.

e So define

S :{(nq)q prime power ‘ ng € N}/
(ng)g = (”é,)q if npr = n;, for almost all p

e We get cnt: Def(Th(PSFg)) — S
¢ — (#¢(Fq))q

e cnt contains all the counting information.
In particular: cnt(¢1) = cnt(p2) implies (for any K):

o dimk(p1) = dimk(d2), pk(¢1) = pr(d2).
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Counting in Th(PSFy)

K pseudo-finite yields Def(Th(PSFp)) — Def(Th(K)) MK NU

But we may also count directly for Th(PSFy):
e Th(PSFg) = ¢ <= Fp = ¢ for almost all p.
e So define

S :{(nq)q prime power ‘ ng € N}/
(ng)g = (”é,)q if npr = n;, for almost all p

e We get cnt: Def(Th(PSFg)) — S
¢ — (#¢(Fq))q

e cnt contains all the counting information.
In particular: cnt(¢1) = cnt(p2) implies (for any K):

o dimk(p1) = dimk(d2), pk(¢1) = pr(d2).
° CntK((bl) = CntK(¢2)
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Counting in Th(PSFy)

K pseudo-finite yields Def(Th(PSFp)) — Def(Th(K)) MK NU

But we may also count directly for Th(PSFy):
e Th(PSFg) = ¢ <= Fp = ¢ for almost all p.
e So define

S :{(nq)q prime power ‘ ng € N}/
(ng)g = (”é,)q if npr = n;, for almost all p

e We get cnt: Def(Th(PSFg)) — S
¢ — (#¢(Fq))q

e cnt contains all the counting information.
In particular: cnt(¢1) = cnt(p2) implies (for any K):

o dimk(p1) = dimk(d2), pk(¢1) = pr(d2).
° CntK((bl) = CntK(¢2)

o Maybe cnt(¢1) = cnt(dn) = ¢1 = $»77
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Example:

¢ = {squares} \ {0}, v =
If 21 q, then z/;cw(\fq) #
= cnt(¢) = cnt(v)

{ n- squares}

no
: 11
However, we will show: ¢ /% 1.

Method: find other invariant 6 with 0(¢) # 6(v).
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Example:

e ¢ = {squares} \ {0}, ¥ = {non-squares}.
If 21 q, then #0(Fq) = #4:(F,).



Example:

o ¢ = {squares} \ {0}, ©» = {non-squares}.
If 21 q, then #0(Fq) = #4:(F,).
= cnt(¢) = cnt(v)



Example:

o ¢ = {squares} \ {0}, ©» = {non-squares}.
If 21 q, then #0(Fq) = #4:(F,).
= cnt(¢) = cnt(v)

e However, we will show: ¢ %& .



Example:

o ¢ = {squares} \ {0}, ©» = {non-squares}.
If 21, then #6(Fq) = #4(Fy).
= cnt(¢) = cnt(v)

. 11
e However, we will show: ¢ 7 .

e Method: find other invariant 6 with 6(¢) # 6(v).



We construct 6 in a more general setting.
Recall:

K |= Th(PSFy) <= K perfect and PAC,
Gal(K/K) = Z,charK =0
Replace Z by other group G.
s “Gal(K/K) = G" first order?
Yes if G is bounded : <= finite number of quotients of each
fixed cardinality.

For G pro-finite, bounded, define Tg:
K = Tc <= K perfect and PAC,
Gal(K/K) = G,charK =0
Examples: T, = Th(PSFy), T;13 = Th(ACFy)
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We construct 6 in a more general setting.
e Recall:

K = Th(PSFy) <= K perfect and PAC,

Gal(K/K) = Z,char K = 0
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We construct 6 in a more general setting.
e Recall:

K = Th(PSFy) <= K perfect and PAC,

Gal(K/K) = Z,char K = 0
e Replace Z by other group G.

K = T¢ < K perfect and PAC,

Gal(K/K) 22 G,charK =0
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We construct 6 in a more general setting.
e Recall:

K = Th(PSFy) <= K perfect and PAC,

Gal(K/K) = Z,char K = 0
e Replace Z by other group G.
o Is “Gal(K/K) = G first order?

K = T¢ < K perfect and PAC,

Gal(K/K) 22 G,charK =0
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Other theories

We construct 8 in a more general setting.

e Recall:
K |= Th(PSFy) <= K perfect and PAC,

Gal(K/K) =2 Z,char K = 0

e Replace Z by other group G.

o Is “Gal(K/K) = G" first order?
Yes if G is bounded : <= finite number of quotients of each
fixed cardinality.

K = T¢ <= K perfect and PAC,

Gal(K/K) 22 G,charK =0
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e Recall:
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Gal(K/K) =2 Z,char K = 0

e Replace Z by other group G.
o Is “Gal(K/K) = G" first order?
Yes if G is bounded : <= finite number of quotients of each
fixed cardinality.
e For G pro-finite, bounded, define T¢:
K = T¢ <= K perfect and PAC,

Gal(K/K) 22 G,charK =0
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Other theories

We construct 8 in a more general setting.
e Recall:
K |= Th(PSFy) <= K perfect and PAC,
Gal(K/K) =2 Z,char K = 0
Replace Z by other group G.
s “Gal(K/K) = G" first order?
Yes if G is bounded : <= finite number of quotients of each
fixed cardinality.

For G pro-finite, bounded, define Tg:
K = T¢ <= K perfect and PAC,
Gal(K/K) 22 G,charK =0
Examples: T, = Th(PSFo), T{13 = Th(ACFo)
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There are maps between Def(Tg) for different G:

given by: 0(¢2) = ¢1 where:

Ki = Tg ~ Ko = Tg,

Moreover 0 is compatible with definable bijections.
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There are maps between Def(Tg) for different G:

G, C Gy pro-finite, bounded, G, characteristic subgroup. K1

Then there exists 6: Def(Tg,) — Def(Tg,) 62‘

g . _ ) (;")2(K2) C K2 Gl
given by: 0(¢2) = ¢1 where: |
Kil= Tg, ~ K2 = Tg, ¢1(K1) = ¢2(Ka) N K1 C Ky

Moreover 0 is compatible with definable bijections.
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There are maps between Def(Tg) for different G:

G, C Gy pro-finite, bounded, G, characteristic subgroup. K1

Then there exists 6: Def(Tg,) — Def(Tg,) 62‘

. ) o ) G)z(Kz) C K2 Gl
given by: 0(¢p2) = ¢1 where: |
Ki ‘: TGl ~ Ko |: T(;2 o*)l(Kl) - 952(K2) N K1 C Ky

Moreover 0 is compatible with definable bijections.
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There are maps between Def(Tg) for different G:

G, C Gy pro-finite, bounded, G, characteristic subgroup. K1

Then there exists 6: Def(Tg,) — Def(Tg,) 62‘

. ) o ) G)z(Kz) C K2 Gl
given by: 0(¢p2) = ¢1 where: |
Ki | T, ~ Kz |= T, $1(K1) = ¢2(K2) N K1 C Ky

Moreover 0 is compatible with definable bijections.
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There are maps between Def(Tg) for different G:

G, C Gy pro-finite, bounded, Gy characteristic subgroup. Rl

Then there exists 0: Def(Tg,) — Def(Tg,) 62‘

. ) o ) ()Q(KQ) C K2 G]'
given by: 0(¢p2) = ¢1 where: |
Kilr T6, ~ K2 = Tg, $1(K1) = ¢2(K2) N K1 C Ky

Moreover 0 is compatible with definable bijections.



There are maps between Def(Tg) for different G:

G, C Gy pro-finite, bounded, Gy characteristic subgroup. Rl

Then there exists 0: Def(Tg,) — Def(Tg,) G2|

. ) o ) ()Q(Kz) C K2 Gl
given by: 0(¢p2) = ¢1 where: |
Ki | T, ~ Kz |= T, $1(K1) = ¢2(K2) N K1 C Ky

Moreover 0 is compatible with definable bijections.



There are maps between Def(Tg) for different G:

G, C Gy pro-finite, bounded, Gy characteristic subgroup. Rl

Then there exists 0: Def(Tg,) — Def(Tg,) G2|

. ) o ) ()Q(Kz) C K2 Gl
given by: 0(¢p2) = ¢1 where: |
Ki Tg, ~ K2 E Tg, $1(K1) = ¢2(K2) N K1 C Ky

Moreover 0 is compatible with definable bijections.



There are maps between Def(Tg) for different G:

G, C Gy pro-finite, bounded, Gy characteristic subgroup. Rl

Then there exists 0: Def(Tg,) — Def(Tg,) G2| .
given by: 6(¢p2) = ¢1 where: $2(K2) C ffz E
Ki = T ~ Ko = T, $1(K1) = d2(K2) N K1 C Ky

Moreover 0 is compatible with definable bijections.



There are maps between Def(Tg) for different G:

G, C Gy pro-finite, bounded, Gy characteristic subgroup. Rl

Then there exists 0: Def(Tg,) — Def(Tg,) G2| =
1

given by: 0(¢2) = ¢1 where: #216) < }Tz

Ki | T, ~ Kz = Tg, P1(K1) = ¢2(K2) N K1 C Ky

Moreover 0 is compatible with definable bijections.



Maps between different Def(T¢)

There are maps between Def(Tg) for different G:
Theorem (H.)

G, C Gy pro-finite, bounded, G» characteristic subgroup. Rl
Then there exists 0: Def(Tg,) — Def(Tg,) 62‘
given by: 0(¢2) = ¢1 where: $2(K2) C 72 E
KiE Tg ~ Ko E T, $1(K1) = p2(K2) N K1 C Ky

Moreover 6 is compatible with definable bijections.
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Maps between different Def(T¢)

There are maps between Def(Tg) for different G:
Theorem (H.)

G, C Gy pro-finite, bounded, G» characteristic subgroup. Rl
Then there exists 0: Def(Tg,) — Def(Tg,) 62‘
given by: 0(¢2) = ¢1 where: $2(K2) C 72 E
KiE Tg ~ Ko E T, $1(K1) = p2(K2) N K1 C Ky

Moreover 6 is compatible with definable bijections.

e Main statement: ¢o(K>) N Kj is definable (uniformly in Ki).
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Maps between different Def(T¢)

There are maps between Def(Tg) for different G:
Theorem (H.)

G, C Gy pro-finite, bounded, G» characteristic subgroup. Rl
Then there exists 0: Def(Tg,) — Def(Tg,) 62‘
given by: 0(¢2) = ¢1 where: $2(K2) C ’? E
KiE Tg ~ Ko E T, $1(K1) = p2(K2) N K1 C Ky

Moreover 6 is compatible with definable bijections.

e Main statement: ¢o(K>) N Kj is definable (uniformly in Ki).

e 6 can be interpreted as an invariant for T5.

Definable sets in pseudo-finite fields 18 / 22 I. Halupczok



e Let T := Th(PSFy).
Recall example ¢ = {squares} \ {0}, ) = {non-squares}.
Choose Gy =7 D Gy := 27 (= 7)
~> 0: Def(T,) — Def(Ty) with T; = T, = Th(PSFy)
Let K1 = Tg,. Ko = sz — is the extension of degree two.

K>

|
K1

All elements of Ki are squares of elements of K.

— (P =KS #£ 0=00) =B
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e Let T := Th(PSFy).

e Recall example ¢ = {squares} \ {0}, 1) = {non-squares}.
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e Let T := Th(PSFy).

e Recall example ¢ = {squares} \ {0}, 1) = {non-squares}.
o Choose G| :=7D Gy =27 (= 17)
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e Let T := Th(PSFy).

e Recall example ¢ = {squares} \ {0}, 1) = {non-squares}.
o Choose G| :=7D Gy =27 (= 17)

o ~ 0: Def(T,) — Def(T1) with Ty = T, = Th(PSFq)
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e Let T := Th(PSFy).

Recall example ¢ = {squares} \ {0}, 1) = {non-squares}.
Choose Gy == 7. Gy := 27 (2 7)

~ 0: Def(T,) — Def(T1) with Ty = T, = Th(PSFo)
Let K1 IZ TG1-
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Let T := Th(PSFo).

Recall example ¢ = {squares} \ {0}, 1) = {non-squares}.
Choose Gy == 7. Gy := 27 (2 7)

~ 0: Def(T,) — Def(T1) with Ty = T, = Th(PSFo)
Let K1 = Tg,. K2 := Rle = is the extension of degree two.
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Let T := Th(PSFo).

Recall example ¢ = {squares} \ {0}, 1) = {non-squares}.
Choose Gy == 7. Gy := 27 (2 7)

~ 0: Def(T,) — Def(T1) with Ty = T, = Th(PSFo)
Let K1 = Tg,. K2 := Rle = is the extension of degree two.

#(Ka) C Kz D 1(Ka)
\

K1



e Let T := Th(PSFy).

Recall example ¢ = {squares} \ {0}, 1) = {non-squares}.
Choose Gy == 7. Gy := 27 (2 7)

~ 0: Def(T,) — Def(T1) with Ty = T, = Th(PSFo)
Let K1 = Tg,. K2 := Rle = is the extension of degree two.

#(Ka) C Kz D 1(Ka)

\
(ﬁ(Kz)ﬂ Ki C K1 D @D(Kz)ﬂfﬁ



1,1
Squares 7/ non-squares

Let T := Th(PSFo).

Recall example ¢ = {squares} \ {0}, 1) = {non-squares}.
Choose Gy == 7. Gy := 27 (2 7)

~ 0 Def(Tp) — Def(Ty) with Ty = T, = Th(PSFy)
Let K1 = Tg,. Ko := f(162 = is the extension of degree two.

P(K2) C Ko D 1p(K2)

|
¢(KQ)ﬂK1 C Ki D "Lﬁ(Kg)ﬂKl

All elements of Ky are squares of elements of Kj.
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1,1
Squares 7/ non-squares

Let T := Th(PSFo).

Recall example ¢ = {squares} \ {0}, 1) = {non-squares}.
Choose Gy == 7. Gy := 27 (2 7)

~ 0 Def(Tp) — Def(Ty) with Ty = T, = Th(PSFy)
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Let T := Th(PSFo).

Recall example ¢ = {squares} \ {0}, 1) = {non-squares}.
Choose Gy == 7. Gy := 27 (2 7)

~ 0 Def(Tp) — Def(Ty) with Ty = T, = Th(PSFy)
Let K1 = Tg,. Ko := f(162 = is the extension of degree two.

P(K2) C Ko D 1p(K2)

|
le =¢(K2)NK1 C K1 D 9(Ko)NKy =10

All elements of Ky are squares of elements of Kb.
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1,1
Squares 7/ non-squares

Let T := Th(PSFo).

Recall example ¢ = {squares} \ {0}, 1) = {non-squares}.
Choose Gy == 7. Gy := 27 (2 7)

~ 0 Def(Tp) — Def(Ty) with Ty = T, = Th(PSFy)
Let K1 = Tg,. Ko := f(162 = is the extension of degree two.

P(K2) C Ko D 1p(K2)

|
le =¢(K2)NK1 C K1 D 9(Ko)NKy =10

All elements of Ky are squares of elements of Kb.
1,1

= (@) =K #0=00)) =o7¢
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We know invariants for T¢ if G =Z or G = {1}. What about
other G? If G C Z:

e T is somewhere between Th(ACFg) and Th(PSFy)
e Counting in K = Tg?

Why should #¢(IFq) be an invariant?
o Instead: apply the theorem to G C A

Def(T¢) —— Def(Th(PSFo)) <5 N



Invariants for Tg, G # 7

We know invariants for Tg if G =Z or G = {1}. What about
other G? If G C Z:
e T is somewhere between Th(ACFg) and Th(PSFy)

e Counting in K |= Tg?
Why should #¢(IFq) be an invariant?
o Instead: apply the theorem to G C A

Def(T¢) —— Def(Th(PSFo)) <54 N

dim N

e Example: If G = {1}, Def(T¢) R Def(Th(PSFo))
gives back the algebraic dimension.
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For those who are interested: idea of proof of the theorem
(The others may sleep.)
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For those who are interested: idea of proof of the theorem
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(The others may sleep.)
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For those who are interested: idea of proof of the theorem
(The others may sleep.)
e Recall: Go C Gy
Ki = Tg, Ko = K2 = Tg,
0(¢2) = ¢1 with ¢1(K1) = ¢2(K2) N Ki
e Compatibility with definable bijections:
If )5 defines ¢, =5 ¢, then check that vy defines ¢y =5 ¢
e Only difficulty: ¢2(K2) N Ky is definable in Ty



Definablility: shown on the example G; = 7 and ¢2 = {squares}.
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Definablility: shown on the example G; = 7 and ¢2 = {squares}.
e ¢o(K>) is image of Ky under f: x — x

2
(In general: image of V(K3) under finite-to-1 map f.)

it
-

«0>» «F»r « =) 4 Q>



Definablility: shown on the example G; = 7 and ¢2 = {squares}.
e ¢2(K2) is image of Ky under f: x — x°.

(In general: image of V(K3) under finite-to-1 map f.)
e f is even 2-to-1 as map Ky — K.

«O» «F»r « = 4 > Q>



Definablility: shown on the example G; = 7 and ¢2 = {squares}.
e ¢o(K>) is image of Ky under f: x — x

2
(In general: image of V(K3) under finite-to-1 map f.)
e f is even 2-to-1 as map Ky — K.

o If x € Ky, then f~1(x) C L, where [L: Ki] = 2.

DA

u]
v
a
8]
i
it
-
it



Definablility: shown on the example G; = 7 and ¢2 = {squares}.
e ¢2(K2) is image of Ky under f: x — x°.
(In general: image of V(K3) under finite-to-1 map f.)
e f is even 2-to-1 as map Ky — K.
o If x € Ky, then f~1(x) C L, where [L: Ki] = 2.

o x € h(Ka) < ex. y € f1(x)in K, i.e. y fixed by G,
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Definability of ¢o(K2) N K;

Definablility: shown on the example G; = Z and ¢ = {squares}.
e ¢2(K2) is image of Ky under f: x — x°.

(In general: image of V(K>) under finite-to-1 map f.)

f is even 2-to-1 as map f(g — i~<2.

If x € Ky, then f=1(x) C L, where [L: Ki] = 2.

x € ¢o(K2) <= ex.y € f1(x)in Ky, i.e. y fixed by G,.

It suffices to check if y is fixed by the image of G, in

Gal(L/Ky).
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(In general: image of V(K>) under finite-to-1 map f.)

f is even 2-to-1 as map f(g — i~<2.

If x € Ky, then f=1(x) C L, where [L: Ki] = 2.

x € ¢a(Ka) <= ex. y € f71(x)in Ky, i.e. y fixed by G,.

It suffices to check if y is fixed by the image of G, in
Gal(L/Ky).
Can speak about L and Gal(L/K1) in Ki.
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Definability of ¢o(K2) N K;

Definablility: shown on the example G; = Z and ¢ = {squares}.
e ¢2(K2) is image of Ky under f: x — x°.

(In general: image of V(K>) under finite-to-1 map f.)

f is even 2-to-1 as map f(g — i~<2.

If x € Ky, then f=1(x) C L, where [L: Ki] = 2.

x € ¢a(Ka) <= ex. y € f71(x)in Ky, i.e. y fixed by G,.

It suffices to check if y is fixed by the image of G, in
Gal(L/Ky).
Can speak about L and Gal(L/K1) in Ki.

Gy characteristic in G; = image of Gy in Gal(L/K1) definable.
= can say "y is fixed by this image” O
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