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The goal of these notes is to present a language Lq in which ordered abelian
groups have a kind of quantifier elimination. This language is not that simple;
the emphasis of these notes is on explaining it: why is it necessary and what
does quantifier elimination in this language say about definable sets? We will
build up L piece by piece; a summary is given in the very last section.

Quantifier elimination in arbitrary ordered abelian groups was first proven
by Gurevich and Schmitt in [2] and [3]. The present notes are based on a new
proof in [1] by Cluckers and the author. The language Lge (denoted by Liy in
[1]) is somewhat different from the one used by Gurevich and Schmitt; however,
translation between the different languages is not very difficult.

1 Ordered abelian groups with finitely many con-
vex definable subgroups

1.1 Basic notation

Ordered abelian groups are abelian groups endowed with an order compatible
to the group structure: a < a’ = a + b < a’ + b; they are naturally first order
structures in the language Loas = {0,4, —, <}. One easily checks that such
groups are always torsion-free. Standard examples of ordered abelian groups
are the additive groups of Z, Q and R, and the multiplicative groups of Qg
and R<g. Moreover, ordered abelian group arise naturally as valuation groups
of valued fields.

In the whole article, G will be an ordered abelian group. At some point, we
will extend the language by new (“auxiliary”) sorts; in that setting G will denote
the group sort.

“Definable” means definable with parameters.

We will write P for the set of primes.



1.2 Ordered abelian groups without convex definable sub-
group

It is well known that the ordered abelian group Z has quantifier elimination in
the Presburger language Lpyes := {0,1,4+, —, <, (=m)men}; here, z =, y is a
binary predicate defined by x =y mod m. Of course, x =, y could have been
replaced by a unary predicate for mG, and there is no real reason to prefer one
or the other; we decided to prefer x =, y.

The same language yields quantifier elimination in any fixed ordered abelian
group G which has no convex definable subgroup; we only have to generalize
1 and =,, correctly: 1 is the minimal positive element of G, or 0 if G has no
minimal positive element (we say that G is discrete if a minimal positive element
exists and dense otherwise), and © =, y is defined by z —y € mG. So:

Theorem 1.1 Any (fixed) ordered abelian group without conver definable sub-
group has quantifier elimination in Lp .

The first examples one thinks of are probably subgroups of (Q, +). However,
this might give the false impression that the cardinality of G/mG is at most m.
A counter-example to this is (Qso, -), which has no convex definable subgroup,
but for any m > 2, Qsq/{m-th powers in Qs} is infinite.

1.3 Ordered abelian groups with finitely many convex de-
finable subgroups

To get a language in which arbitrary ordered abelian groups have quantifier
elimination, the main work is to treat convex definable subgroups. Let us already
treat an easy case, namely that of a fixed group G which moreover has only
finitely many convex definable subgroups. For the moment let us assume that
G has only one non-trivial convex definable subgroup H; as an example, you
can think of G = Z @ Z with the lexicographical order; we will see below (in
Section 2.1) that the convex subgroup H := {0} x Z is indeed definable.

Essentially, the language we need for quantifier elimination is Lp,es on G,
together with Lp,es on the quotient G/H. This could be achieved using a new
sort for G/H, together with the canonical map 7: G — G/H, but such a new
sort will be unpractical when we will have a lot of convex definable subgroups;
so instead, we “lift” Lp,es from G/H to G, i.e. we choose a language on G which
allows us to define the preimage of the Presburger relations on G/H.

Lifting the congruence condition =, from G/H to G is easy: define a =,,, iy b
(for a,b € G) by w(a) —w(b) € m- (G/H) (or, equivalently: a —b € H + mG).
Lifting the constant for the minimal positive element of G/H (let me denote it
by 1) is more problematic: we can not take a constant in G, since 71 (la/m)
is not just a single element and it does not contain a canonical (i.e. 0-definable)
representant. Adding a predicate for 771 (1¢ /i) instead is not enough, since we
need to be able to build terms using this “element”, and we need to plug it into
the different Lp.es relations. The solution is to add predicates for the lifts of
(essentially) every atomic Lpyes-formula:



o for each k € Z, take a binary predicate on G denoted by “r =g y+kg/u”
and defined by 7(x) = 7(y) + kg m; here, kg /p denotes k times the
minimal positive element of G/H.

e foreach k € Z, and each m € N, take a binary predicate “z =, g y+kg,/u”
on G defined by 7(z) =n, 7(y) + kg /u-
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(We will sometimes use simplified notations “c =g v, “c =, ¥’ “C =g
ka/u”, and “z =, g kg u” with the obvious meanings.)

Note that we do not need predicates for m(z) > n(y) + kg u, since for
example, we have

m(x) >7n(y) +1lgy <= 2>y N x#ny N 2 #ny+le/u.

With this language, we get quantifier elimination. Moreover, a similar con-
struction works with any finite number of convex definable subgroups:

Theorem 1.2 Suppose G is an ordered abelian group which has only finitely
many convez definable subgroups Hy, ..., H, (including {0} but excluding G).
Then G has quantifier elimination in the language

Loag U{(z =1, y + kg m, ) kezi<v, (T =mm, Y+ ka/H,) ) vezmen,i<v }-

Note that to make the language more uniform, we removed =,,, and 1 from the
language and instead added » =g y + kg g and © =, g y+kg/g for H = {0}.

Also note that in this setting, any convex definable group is already 0-
definable, since there are only finitely many of them and they are ordered by
inclusion. This means that the language of Theorem 1.2 is indeed Lgag-definable.

2 Many convex definable subgroups and relative
quantifier elimination

In general, an ordered abelian group has infinitely many infinite families of
convex definable subgroups. We will not need to add the relations r =g y+kq/ i
and z =p, 5 Yy + kg/p for all of them, but at least for some of these infinite
families. Since this means that no fixed number of relations would be enough, we
will introduce canonical parameters for those convex subgroups we are interested
in and define the above relations as ternary relations. Before going into details,
let me give some examples of groups with many convex definable subgroups, and
before giving examples, I have to present one way of defining convex definable
subgroups.

2.1 Defining convex subgroups

For a set X C G\ {0}, we can consider the largest convex subgroup H C G not
meeting X. Another way of writing this is: H = {h € G | () N X = 0},
where (h)¢°™ is the smallest convex subgroup of G containing h. In general, H



is not definable (since (h)°°™ is not definable), but if X is of the form a + nG
(for a € G and n € N), then we can define H as follows. First note that
(h)°™ N (a+nG) =0 if and only if a ¢ (h)°°™ + nG. Now, using the notation
|h| for the absolute value of h, we have (h)*°™ +nG = {z | 0 < z < n-|h|}+nG,
which is definable.

We will need this construction quite often, so let us denote the largest convex
subgroup not meeting a+nG by H,(a). To make this well-defined for all a € G,
we set H,(a) = {0} if a € nG.

In the example G = Z @ Z from Section 1.3, H := {0} x Z is the maximal
convex subgroup not meeting (1,0)+2G = (1+27Z) x 2Z, so it can be defined as
Hy((1,0)). More generally, one easily checks that for any n € N and (a,b) € G,
H,((a,b)) is {0} if a € nZ and H otherwise.

2.2 Many convex definable subgroups: an example

Now let me give an example of an ordered abelian group with many convex
definable subgroups. Let I be any ordered set and consider the group G =
@;c; Z with lexicographical order “with significance according to I”. More
precisely, for a = (a;)ier € G, let us denote by v(a) := max{i € I | a; # 0}
the largest index of a non-zero entry of a (set v(0) := —o0); this is well-defined,
since only finitely many a; are non-zero. Now define the order on G by a > 0
iff @ # 0 and a,(q) > 0.

Before going on, let me introduce some more notation:
o for j € Ilet g;: Z — G be the map sending Z to the j-th summand of G}

o for j € I, define two convex subgroups: G<; := {g € G | v(g9) < j}
and G<; = {g € G | v(g) < j} (or equivalently, in a sloppy notation:

Gej= ®i<j Z and G<j := @iﬁj Z).

All groups G, are definable: G; = H,(g;(1)) for any n > 2. Moreover,
we can check that for any a € G\ nG, H,(a) is of the form G; for some j € I.
Indeed, if a = (a;);cr and j is the most significant (i.e. largest) index such that
a; ¢ nZ, then min{v(z) | ¢ € a + nG} = j and we obtain H,(a) = G<;.
Thus the groups G.; form an infinite family of convex uniformly definable
subgroups, defined by (H,(a))sec\ne (for any fixed n > 2). In particular I can
be interpreted in G: take the quotient of G \ nG by the equivalence relation
a~biff Hy,(a) = Hy,(b). The order relation of I can be recovered on G/~ using
the inclusion of the corresponding groups H,(a).

Being able to interpret arbitrary ordered sets in (suitable) ordered abelian
groups is a serious problem concerning quantifier elimination: ordered sets may
have too complicated definable subsets (but see the last remark of Section 2.5).
This means that in ordered abelian groups, the best one can hope for is “quan-
tifier elimination up to ordered sets”, and indeed, this is what we will get. The
meaning of this will be explained in Section 2.5.



2.3 Different families of convex definable subgroups

In the previous example, the family of convex definable subgroups defined by
H,(x) did not depend on n (as long as n > 2). In general, the families may
very well depend on n. A small example is G = Z[%] @ Z. As before, we have
H>((1,0)) = {0} xZ =: H. However, now H is not of the form H;((a,b)) for any
(a,b) € G, since 5-divisibility of Z[$] implies that (a,b) +5G = Z[+] x (b+ 5Z),
which always meets H.

Thus to obtain all groups H,(a), it is not enough to consider only one fixed
n. On the other hand, one can check that any group H,,(a) is equal to Hy(a') for
a suitable prime p (and some a’ € G possibly different from a). In our example,
this is easy to see. We can replace Z[1] by any group of the form Z[%]peA where
A C P is any set of primes. In that case, H appears in the family H, (x) if and
only if A does not contain all prime factors of n; in particular H = H,((1,0))
for any p € P\ A. If, on the other hand, A = P, then H is not of the form
H, (a) for any n and even not definable at all (and G = Q x Z is elementarily
equivalent to Z).

2.4 A language which can cope with families of convex
definable subgroups

In the quantifier elimination language Lq., we would like to have our relations
v =g y+kguand x =, 5 Y+ kg/g (from Section 1.3) for any group H of
the form H,(a) (but without loss, n prime). To this end, for each p € P we
introduce a new sort S, with canonical parameters for the groups Hy(z): we
define S, to be the quotient of G by the equivalence relation ~ defined by a ~ b
iff Hy,(a) = Hp(b). Let us write s,: G — S, for the canonical map, and for
a =sp(a) € Sy, let us write G := H,(a) for the corresponding group.

Now we define © =g, y + kg/q, and © =, ¢, ¥ + kg q, as before, but we
view them as ternary relations on G x G x §,. To be more precise, we have
one such set of relations for each p € P. Let us simplify the notation and write
T=qY+koandxz=,qy+ka.

In our example G = P, ;Z, we already computed S,: it is essentially
just I (only “essentially” because we defined Hy(a) to be the trivial group if
a € pG; this trivial group might yield an additional element in S,). Moreover,
we obtained that G, = G; if a € S, corresponds to j € I.

2.5 The result

In the final Ly, we will have the group sort G' and some “auxiliary” sorts with
canonical parameters for convex definable subgroups: the sorts S, which we
already defined and some other ones which will be defined in Section 3.1. As
already mentioned, we will only eliminate quantifiers “up to ordered sets”, or,
more precisely, “up to the auxiliary sorts”; now let me explain what this should
mean.



Let us write Lge as a union Lgegrp U Lge-aux, Where Lgegrp consists of the
part of the language involving the group sort, whereas Lgc-aux is the part of the
language living purely on the auxiliary sorts.

The language Lqe-grp Will be

Lqe grp — Loag U {-77 =alY + ka7 T =m,a Y + kou x Em],a y}

where z =, y + ko and © =, o Y + ko are the ternary relations defined in
Section 2.4, but extended to all auxiliary sorts, and where x E[m"],a y are some
additional ternary relations similar to z =, o ¥ which will be introduced later.
This implies: if ¢(Z,&) is a quantifier-free Lqe grp-formula with Z a tuple of
group variables and @ = (a1,...,®,) a fixed tuple of auxiliary elements, then
the set (G, a) is of almost the same form as the definable sets in the case
of finitely many convex definable subgroups Ga,,...Gq, (“almost” because of
T =il y).

We can not expect that arbitrary definable sets can be defined like this; a
typical example of a set involving infinitely many convex definable subgroups in
its definition is X := {z € G | I(a € Sp) © =4 1o }. However, X is the union of
a uniform family of disjoint quantifier free Lgegrp-definable sets: {z € G |z =
1o}, where v runs over S,. Our relative quantifier elimination result states that
any definable set is a disjoint union of finitely many such families.

In the case of X, the parameter of the family runs over Sp; in general, the
parameter might run over any definable set = in the auxiliary sorts, and since the
induced structure on these sorts can (at least) be the one of arbitrary ordered
sets, we can not hope to describe = very precisely. However, at least we obtain
that the induced structure can (essentially) not be more complicated than that
of an ordered set. More precisely, we will get that = is Lgcaux-definable, and
Lge-aux will be

Lye-grp = {<, some unary predicates},

where < is the preorder on the union of all auxiliary sorts defined by o < ' iff
Go © G . (Formally, there is one relation < for each pair of auxiliary sorts;
of course, on each single auxiliary sort < is actually an order, but if o and o’
come from different sorts, G, and G, might be equal.)

Here is the complete formulation of the relative quantifier elimination result:

Theorem 2.1 Let ¢(Z,7) be a Lqe-formula, where T are group-variables and 7
are variables from any of the auxiliary sorts. Modulo the theory Toag of ordered
abelian groups, ¢ is equivalent to a formula of the following form:

k
\/m 0) A i(2,0));

here, O are auxiliary variables, &;(7,0) are Lge-aux-formulas, and ¢;(Z, 0) a
quantifier free Loe_gep-formulas. Moreover, all sets {(z,7) | &(7,0) A s (z, )}
(for different i,0) are disjoint.



We say that a formula of the form given in the theorem is in “family union
form”.
Some remarks:

e If one wants, one can easily turn each v;(Z, #) into a conjunction of literals
(by moving disjunctions to the exterior).

e As in the case of finitely many definable convex subgroups, 1 and =,, are
not necessary in the language, since the trivial convex group appears in
our families as H,(0).

e Note that the canonical maps s, are not needed either; indeed, they would
destroy some of the simplicity of the formulas ;.

e In ordered sets (with or without additional unary predicates) one can not
hope for quantifier elimination, but still there are some nice model theo-
retic results: definable subsets of cartesian powers have a simple descrip-
tion in terms of definable subsets of the ordered set itself, and moreover
ordered sets have NIP. Gurevich and Schmitt used this to deduce that
ordered abelian groups have NIP, too.

e Theorem 1.1 (on groups without convex definable subgroup) was valid
only in one fixed group, since the theory of all such groups is not com-
plete, and distinguishing different completions needs quantifiers. In L,
this distinction will be encoded in the unary predicates on the auxiliary
sorts (which, in the setting of Theorem 1.1, consists only of one element
corresponding to the trivial group); see Section 3.7.

3 The remainder of the language

3.1 Two more families of families of convex subgroups

Up to now, we saw one family of families of convex definable subgroups. We will
need two more such families of families in our language; these will be constructed
out of the one we already have.
Fix one sort S,. For any element a € G, we can look at all those groups G,
(v € Sp) which contain a. This allows us to define two new convex definable
groups:
Hy(a):= |J Go and Hj(a):= () Ga. (*)

{aeS,|adGa} {aeS,laeGa}

We define two new auxiliary sorts 7, and 7;*‘ with canonical parameters for
H, (a) and H(a) in the same way as we did for Hy(a) (as quotients of G
by the obvious equivalence relations). Then we extend the ternary relations

T =q Y+kqo and x =, o ¥+ ko and the preorder < on Up Sp to these new sorts.
Let us also extend the notation G, (for the group corresponding to «) to
the new sorts, and let us write t,: G — 7, for the canonical map. Instead



of also naming the canonical map G — ’Z;"’, note the following. Both, H (a)
and H,f(a), only depend on the set of groups G, ( € S,) containing a, so
formally, 7, and ’Z;“ are quotients of G by the same equivalence relation. In
particular, we get a canonical bijection 7, — ’];*,oz — a+, and the canonical
map G —» ’Tp+ can be written as a — t,(a)+. Having separate sorts 7, and ’];f
is useful nevertheless for the notation G, and to get a well-defined preorder on
the union of all auxiliary sorts.

As in the case of Hy(a), we have to decide how to define H, (a) and H,f(a)
in some extremal cases (when the big unions/intersections in (*) run over the
empty set); this introduces a little bit of technical uglyness but no serious prob-
lems, so I won’t go into the details.

3.2 The new families and an old example

Now let me give some examples for these new convex subgroups.
In our example G' = @, ; Z of Section 2.2, for a € G and a € S, we have
a € G, iff v(a) < i, where ¢ € I corresponds to «; hence

Hg(a) = U G<i =Gy and H;(a) = ﬂ Gei = Geyla)-

i<v(a) i>v(a)

Thus as S, the sorts 7, and 7;+ can be identified with I (again possibly except
for extremal elements) and under this identification, the canonical map t,: G —
T, is simply our map v. Moreover, the family H, (a) consists of the same groups
as Hy(a) (but depends on a in a different way).

3.3 The new families and a new example

Now let us consider a (for simplicity very concrete) example where the groups
H, (a) are also new ones, and where moreover 7, and 7" are really different
from S,. We let G be a lexicographic sum of some copies of Z and some copies

of Q, namely
c—@® {Z ifieQ
en (@ Hi2Q,
with significance according to the usual order on R. As before, we let v(a) € R
be the index of the most significant non-zero component of ¢ € G, and for j € R,
we write g; for the inclusion of the j-th summand (Z or Q) into G. Moreover,
we again set Go; :={a € G| v(a) < j} and G<j :={a € G|v(a) < j}

Fix p € P and consider a := g;(1) for some j € R. If j € Q, then as before
we obtain H,(a) = G<;. However, if j ¢ Q, then a € pG, so Hy(a) = {0}. More
generally, it is not difficult to see that S, is essentially equal to Q.

Now consider H, (a) (still for a := g;(1)). It is the union of all G.; with
i < j, so we obtain H (a) = G, independently of whether j € Q or not; in
particular, each j € R yields a different group G;. Instead of a = g;(1), we
could as well have taken any element a € G with v(a) = j, so we obtain that 7,



is essentially equal to R. Similar arguments yield H;‘ (a) = G<; and that ’Z;“‘ is
essentially equal to R, too.

3.4 Defining t, in L

In both examples, we saw that for o € 7,,, we have G, = {z € G | t,(z) < o}
and Got = {x € G | t,(x) < a}; this can easily be verified in general. Using
that the map a +— a+ i Lgeaux-definable (a+ is the minimal element of ’];’
which is larger than «), this yields a way to define t, by a formula in family
union form:

tr)=a < IBeT)f=at+t N z=30Az#,0.

&1 P1

This allows us to use literals of the form “t,(xz) = «” in the ; of formulas in
family union form; see the example in the next section.

3.5 Even more convex definable subgroups

We added canonical parameters for the groups Hy(z), H, (x), and H} () to
the language. In general, there are many other convex definable subgroups, but
but we don’t need more language. Any convex definable subgroup of G can be
defined in the following way: choose a prime p, and choose a definable initial
segment = C 7, (initial segment means: if & € E and @’ < « then o’ € Z). This
yields the convex definable subgroup H := {z € G | t,(z) € E}. In general, H
is not in any of our families. However, we have

reH < 30€T,) (0= A t(z) =10),
which can be brought into family union form using the previous section:

3(967;,,6‘/67;")(965/\9/:9—1— A ng/()/\x;ég()).
&1 P1

(Note that  #¢ 0 is only necessary to make the family disjoint.)

3.6 The last piece of Lyegp

There is one kind of subgroup of G which we can not yet define by a formula in
family union form: let « be any auxiliary element, and consider the group

Gil:i= [ (H+nG).
HCG conv. subgrp
HDG,

A priori, it is not clear that Ggf l'is definable at all; however, it is not difficult
to check that it is equal to {z € G | H,(x) C G,}. (Recall that even if n is not
prime, H, (x) is definable in G.)



The problem with writing G[gf Vin family union form is that it might not be
equal to Hy 4+ nG for any convex subgroup Hy C G; an example is given at the
end of [1]. The only solution is to add a new relation to Lqegrp defining Gl
However, this alone is not enough, since we also need to be able to write the
groups G[gf ] + mG@G in family union form. (If m is a multiple of n, then this is
equal to G([f ], but each m dividing n yields a new group.) Thus, for each n € N
and each m dividing n, we add to Lge_grp the ternary relation x Em]’a y defined
by x —y € GLZ” + mG. This finishes the definition of Lge grp.

3.7 Unary predicates on the auxiliary sorts

Now the only missing part of the language Ly, are some unary predicates on
the auxiliary sorts (see Section 2.5). These predicates will reflect definable
properties of the corresponding quotient groups G/G, which otherwise would
need group variables (and group quantifiers) in the definition. For all of them,
it turns out that one only needs them on the sorts S, (and not on 7, and 7,").

The first observation is that G/G, might be discrete or dense, so we add a
predicate for this. (This predicate is only needed on S, because whenever G/G,
is discrete, G, appears in the family H,(x)—even for every p € P.)

The remaining predicates concern cardinalities of certain quotient groups.
In the example of Section 2.2, if @ and o' are two consecutive elements of S,
then the quotient (G4 +nG)/(G, +nG) is isomorphic to Z/nZ. However, such
successive quotients might also be larger and even infinite (recall the example
G = (Qso, ) right after Theorem 1.1). This yields predicates on S, which we
define to hold for « iff the corresponding quotient has a certain given cardinality.
Moreover, similar quotients can be build using the groups GL? I 4 mG. Here is
the complete list of cardinality predicates we ultimately need to add to Lge-aux-

For a € S, let Qo be one of the groups

G 4 m) /(G 4+ mG) and (G 4+ mG)/(Ga +mG)

for some m | n’ | n””. For each choice of Q,, and each ¢ € N, we put one predicate
on S, saying that the cardinality of Q, is £.

Before, I promised that we would add a predicate for Qo = (Go +nG)/(Ga+
nG) when o is a successor of a. Indeed, if @ has a successor o/, then we have

GL?} =Gy +nG, so (Ggl] +nG)/ (G, + nG) is exactly this group.

3.8 Summary of the language L
Let me finish by summarizing Ly.. The sorts are the following:
e one sort G for the group

e for each p € P, three auxiliary sorts: S, (see Section 2.4), 7,,, and ’];)Jr (see
Section 3.1).

Lye-grp (the part of Lge involving G) consists of the following:

10



L Loag = {07+7 ) <}

e for each p € P, each k € Z, and each m,n € N with m | n, the following
ternary relations for « € S, U T, UT,": = =4 Yy + ko, T =m.a ¥ + ka (see

Sections 1.3 and 2.4), and x Em],a y (see Section 3.6).

Lge-aux (the part of L living entirely on the auxiliary sorts) consists of the
following:

e for on each pair of auxiliary sorts, a binary relation < (see Section 2.5)

e for each p € P, the unary predicates on S, listed in Section 3.7
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